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Abstract 

We study in detail Hodge-Helmholtz decompositions in nonsmooth exterior do- 
mains C filled with inhomogeneous and anisotropic media. We show de- 
compositions of alternating differential forms of rank q belonging to the weighted 
L^-space Ls''^(i7) , s G R, into irrotational and solenoidal g-forms. These decom- 
positions are essential tools, for example, in electro-magnetic theory for exterior 
domains. To the best of our knowledge these decompositions in exterior domains 
with nonsmooth boundaries and inhomogeneous and anisotropic media are fully 
new results. In the appendix we translate our results to the classical framework of 
vector analysis = 3 and (7 = 1,2. 
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1 Introduction 

Hodge-Helmholtz decompositions of square integrable fields, i.e. decompositions in irrota- 
tional and solenoidal fields, are important and strong tools for solving partial differential 
equations, for instance, in electro-magnetic theory. 

Since formally igrad and idiv resp. curl and curl are adjoint to each other and 
curl grad = and div curl = hold as well, the e-L^-orthogonal decompositions 

L\n) = e(curio, n) £-ie(divo, n) ,:k(0) , 
= e(curio, n) £-ie(divo, n) ,^c(^]) 

where C is a domain, are easy consequences of the projection theorem in Hilbert 
space. Here e : f2 — )■ M^^^ is a real valued, symmetric and uniformly bounded and 
positive definite matrix, which models material properties, such as the dielectricity or the 
permeability of the medium, and eCK(f2) resp. eO-C^Q) denotes the space of Dirichlet resp. 
Neumann fields. (See section [A. 2. 21 for the exact definitions of all these spaces.) 

This problem may be generalized if we formulate Maxwell's equations in the frame- 
work of alternating differential forms of order q , short g-forms, on some A^-dimensional 
Riemannian manifold Q . Additionally to the generality and the easy and short notation 
this approach provides also a deeper insight into the structure of the underlying problems. 
It has become customary following Hermann Weyl to denote the exterior derivative 
d by rot and the co-derivative 6 by div . We will use this notation throughout this paper 
and thus we have on g-forms 

div= (-l)(^+i)^*rot* 

where * is Hodge's star operator. Since rot and div are formally skew adjoint to each 
other as well as rot rot = and div div = hold, the corresponding Hodge-Helmholtz 
decompositions of L^-forms 

L2'5(n) = oR'in) ®e e-\l}''{n) ®e e^'i^) , (1-2) 

again are easy consequences of the projection theorem. Here e maps Q to the real, 
linear, symmetric and uniformly bounded and positive definite transformations on g-forms. 
Furthermore, we denote by ©^ the orthogonal sum with respect to the {e ■ , ■ )L2,9(o)-scalar 
product. (See section [2] for definitions.) For = 3 and g = 1 or g = 2 we obtain the two 
classical decompositions fll.ip . 

In the case of unbounded domains it is often necessary and useful to work with 
weighted Sobolev spaces. Especially in our efforts to completely determine the low fre- 
quency asymptotics of the solutions of the time-harmonic Maxwell equations in exterior 
domains [H |Bj| and a forthcoming third paper [9J it has turned out that decompositions 
of weighted L^-spaces are necessary and essential tools. 

Hence motivated by this in the present paper we want to answer the question, in which 
way the weighted L^-space of g-forms 

Ll''^{n):={FeLtl{n):p'FeL''%n)} , s eR , 
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where f2 C M is an exterior domain, i.e. a connected open set with compact complement, 
and p := (1 + r^)^/^ with r(x) := |x| for x G denotes a weight function, may be 
decomposed into irrotational and solenoidal forms, i.e. g-forms with vanishing rotation 
rot resp. divergence div . 

For the special case s = Picard has shown (11. 2p in [12], [10] and (in the classical 
framework) in [TT], [3]. Moreover, for domains Q possessing the 'Maxwell local compact- 
ness property' MLCP (See section |5J) he proved the representations 

oR'^ift) = rot R'L\\ft) = rot (RTi^(I^) n o^-\\^)) 
oD'^(fi) = div DlV(fi) = div (Dit'(^^) n oR-t'(^)) 

o 

i.e. any form from oIR'^(f^) may be represented as a rotation of a solenoidal form and any 
form from may be represented as a divergence of a irrotational form. 

Now one may expect for arbitrary s G M the direct decomposition 

But, as we will see, this holds only for s 'near' zero, since for small s we lose the directness 
of the decomposition and for large s the right hand side is too small. However both 
negative effects are of finite dimensional nature. 

For general s G M \ I introducing the countable discrete set of (bad) weights 

I = {N/2 + n : n e No} U {1 - N/2 - n : n e No} 

Week and Witsch showed in [13] for the special case Q = and e = Id , where no 
Dirichlet forms and no boundary exist, the decompositions 

r oR^ + oD^ , se (-00, -N/2) 

L''" = < oRH oD^ , sei-N/2,N/2) 

[oRHoDHS? , se{N/2,oo) 

and the representations 

oRf = rotR^:} , oD^ = divD^l} 

o 

Thereby is a finite dimensional subspace of C°°''^(M^ \ {0}) generated by the action of 
the commutator of the Laplacian and a cut-off function t] , which vanishes near the origin 
and equals one near infinity, on the linear hull of some finitely many decaying potential 
forms in \ {0} , i.e. generalized spherical harmonics multiplied by a negative power 
of r solving Laplace's equation. (Here we omit the dependence on the domain and 
denote the direct sum by -j-.) We note that Week and Witsch in [2] even decomposed 
the Lebesgue-Banach spaces L^'"^ with p G (1, oo) instead of p = 2 . The proof of their 
results uses heavily the corresponding results for the scalar Laplacian in developed by 
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McOwen in [3]. For the Hilbert space case p = 2 these results have been generahzed to 
smooth (at least C'^) exterior domains Q C by Bauer in [I]. Unfortunately by their 
second order approach these techniques can not be apphed to handle inhomogeneities e 
and the smoothness of Q is essential as well. 

Results in the classical case q = N — 1 have been given by Specovius-Neugebauer 
[13] for e = Id and a smooth (C^) exterior domain Q C , iV > 3 . She considered 
only this special case and additionally only a weaker version of fll.2p , which reads as 

o 

= oR^^H^) © divD^l(^]) resp. in the classical language 

L\n) = gradH__i(grad, fi) © H(divo, fi) 
She was able to show for s G M \ I 

{gradH,_l(grad,fi) + H,(divo,^^) , s G (-cx), -iV/2) 

gradH,_i(grad, fi) + H,(divo, n) , s G {-N/2, N/2) 

gradH,_i(grad, fi) + H,(divo, fi) + S, , s G (iV/2, oo) 

where §s corresponds to §^^^ . We note that she proved the corresponding decompositions 
even for the Banach space L^(f2) with 1 < p < oo . Since she used heavily trace operators 
and convolution techniques, her results can not be generalized to nonsmooth boundaries 

o 

or inhomogeneities e. Moreover, she showed no further decomposition of Hs(divo,f2) 
into Neumann fields and images of curl-terms (for = 3), which is highly important in 
electro-magnetic theory. 

Our main focus is to treat nonsmooth boundaries, i.e. Lipschitz boundaries or even 
weaker assumptions, and most of all nonsmooth inhomogeneities corresponding to inho- 
mogeneous and anisotropic media, which are only asymptotically homogeneous. To the 
best of our knowledge it was an open question, if those weighted L^-decompositions hold 
for inhomogeneous and anisotropic media or for nonsmooth boundaries. We will allow our 
transformations e to be L°°-perturbations of the identity, i.e. e = Id +i , where i does not 
need to be compactly supported but decays at infinity. Moreover, i is not assumed to be 
smooth. We only require e G in the outside of an arbitrarily large ball. Omitting some 
details for this introductory remarks we will show essentially for small s G {—oo, —N/2)\I 

Ll'^{n) = oRm) + s-\Di{n) 

and for large s G {—N/2, oo) \ I 

_ o 

Here Asi]'J'l_2 is a finite dimensional subspace of }il''^{Q) fl C^'^(r2) , whose elements have 
supports in the outside of an arbitrarily large ball, and 77 is a cut-off function as before 
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but now vanishing near the boundary dQ . The forms from 7l_2 are potential forms, i.e. 
solve Laplace's equation in \ {0} , and 

Ag = rot div div rot 

In the special case e = Id since A = rot div + div rot (Here the Laplacian A is to be 
understood componentwise in Euclidean coordinates.) we have like above 

where Ca^b '■= — BA denotes the commutator of two operators A and B . (For details 
see Theorem 13.21 ) Furthermore, L^'''(f2) decomposes for large s into L^''^(fi) fl glK'^ (!])-'"'' 
and the linear hull of finitely many smooth forms, which have bounded supports. We note 
that for all t G [—N/2, N/2 — 1) the spaces of Dirichlet forms fr'Kl{VL) coincide. Moreover, 

_ o 

for all s G M\I the irrotational forms from oIRs(f^) resp. the solenoidal forms from oDs(f^) 
can be represented as rotations resp. divergences, i.e. 

oi^^^) = rot , oDK^) = div D^l}(n) 

hold except of some special values of s or g . But contrarily to the case s = for large 

o 

s > 1 + N/2 we lose integrability properties, if we want to represent forms in oIRs(fi) 
resp. oD^(f2) by rotations of solenoidal resp. divergences of irrotational forms. Looking 
at Theorem 13.51 we obtain 

,WM = rot ((Rrl(fi) ffl ^^^i) n oD7i(l])) 

= div (^{Dtl{n)mrj'Htl)noR';^{n)) , 

i.e. the representing solenoidal resp. irrotational forms no longer belong to but 
to L^'^^^in) for all t < N/2. (For details see Theorems [321 [33] and ESI) 

If we project onto the orthogonal complement of e!Kl^(f2) , i.e. of more Dirichlet forms, 
we finally obtain even for large s > N/2 

2 Definitions and preliminaries 

We consider an exterior domain Q C , i.e. \ 17 is compact, as a special smooth 
Riemannian manifold of dimension 3 < G N , and fix a radius Tq and radii r„ := 2"ro , 
n G N, such that \ f2 is a compact subset of Urg ■= {x G : |x| < rg} . Moreover, 
we choose a cut-off function r] , such that [3 (2.1), (2.2), (2.3)] hold. We then have rj = 
in Ur-^ and r/ = 1 in Ar^ := [x G : |a;| > and thus supp Vi] C Ar-^ fl Ur^ ■ 
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Throughout this paper we will use the notations from [7] and [S]. Considering alter- 
nating differential forms of rank g G Z (short g-forms) we denote the exterior derivative 
d by rot and the co-derivative 6 = ± * d* {*: Hodge star operator) by div to remind of 

o 

the electro-magnetic background. On C°°''^{Q) (the vector space of all C°°-g- forms with 
compact support in fi) we have a scalar product 

($, ^)l2,,(q) := / $ A V $, ^ G C°°'^(l]) 

Jn 

and an induced norm || ■ ||L2.9(n) '■={',' )L2^q(n) ■ Thus we may define (taking the closure 
in the latter norm) 

L'^-^Q) := C°°'9(n) 

the Hilbert space of all square integrable g-forms on Q . Moreover, due to Stokes' theorem 

o 

on C^''^{Q) the linear operators rot and div are formally skew adjoint to each other, i.e. 

(rot$,^f)L2.,+i(n) = -($,div^)L2,,(n) 

o o 

for all ($,\1') G C°°''^{il) X C°°''^+^(i7) , which gives rise to weak formulations of rot and 
div . Using these and the weight function p(r) := (1 + r^)^/^ for s G M we introduce the 
following weighted Hilbert spaces (endowed with their natural norms) of g-forms 



Ll''^{Q) := {E eLtliQ) : p^E eL''\Q)} , 
RUn) := {E G L^.'^(fi) : rotE G L'S\^)} , 
BliQ) := {H G Ll'%Q) : div if G L'S\n)} . 

All these spaces equal zero if g ^ {0, . . . , A^} . Furthermore, taking the closure in Rs(i^) 
we introduce the Hilbert space 



Rl{n) := c°°'i{n) 

which generalizes the boundary condition of vanishing tangential component of a g-form 
at the boundary dQ. More precisely this generalizes the boundary condition l*E = 0, 
which means that the pull-back of E on the boundary of Q (considered as a (A^ — 1)- 
dimensional Riemannian submanifold of fi) vanishes. Here t : 9fi f2 denotes the 
natural embedding. 

A lower left index indicates vanishing rotation resp. divergence. 

For weighted Sobolev spaces K > s G M , we define 

s<t 
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We only consider exterior domains f2 , which possess the 'Maxwell local compactness 
property' MLCP, i.e. for all q and alH < s the embeddings 

Rim n Dl{Q) ^ 

are compact. (See [3, Definition 2.4, Remark 2.5] and the literature cited there.) 

We assume our real valued transformations to be r-admissible resp. r-C^-admissible 
as defined in [7i, Definition 2.1 and 2.2]. This means shortly that they generate scalar 
products on L^'''(f2) and are asymptotically the identity mapping. The parameter r always 
denotes this rate of convergence and the perturbations only have to be in the outside 
of an arbitrarily large ball. Hence we may choose tq , such that the transformations are 
Ci in Ar, . 

Let £ be a r-C^-admissible transformation on g-forms with some r > 0. We need the 
finite dimensional vector space of Dirichlet forms 

e^im ■= oR?(fi) n e-\Dl{n) , t G M 

(Here we neglect the indices e or t in the cases e = Id or t = .) Citing [HI Lemma 3.8] 
we have 

2 ^2 

and even = if g ^ {1, iV - 1} . Thus e^'^i^) C L^^(r]) for s > 1 - N/2 

< 2 

and even for s > -N/2 if g ^ {1, - 1} . 

Furthermore, for M 9 s > 1 — N/2 we introduce the Hilbert spaces 

oBi{n) = oBi{n)n,:K^in)^ , okm = ok^n.^'^in)^^ , (2.1) 

where we denote by ±£ the orthogonahty with respect to the {e ■ , ■ )L2,9(Q)-scalar product, 
i.e. the duality between Lf''^{^l) and L^^(fi) . If e = Id we simply write ± := ±id . The 
restrictions on the weights s guarantee e3-C^(fi) C L^^(r2) . But ifg^ {1,A^ — 1} also 
C L^'^(n) holds and these definitions extend to s > —N/2. Since there are no 

Dirichlet forms c'K'^{Q) for q G {0, A^} in these special cases the definitions (12. ip may be 
extended to all s G M and we have 

okm = okm = {o} , okm = okm = '^^'s''m 

{0} ,s>-N/2 



0" 



Lm{* 1} ,s< —N/2 



Moreover, there are some other characterizations of these spaces. We remind of the finitely 

o o 

many special smooth forms B^(f2) C oR''(fi) and B'^{Q) C oD'^(f2) presented in [SI section 
4], which have compact resp. bounded supports in Q and the properties 

e:K%Q)nB''{Q)^^ = e^''{Q)nB''{Q)^ = {0} . (2.2) 
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We note in passing 

dim, = dim = #B''(r]) = #B'?((]) =: rf" G No 
Using [8, Corollary 4.4] we see in fact that 



HQ) = oI)%n)n:K'^{n)- 



do not depend on the transformation e. Since B^(f2) is only defined for q 1 the last 
characterization in the second equation holds only for q ^ 1 . Now the definitions of 

o o 

oD^(fi) and ol^f(^) extend to arbitrary weights s G M because the forms B^(n),B'^(fi) 
have bounded supports. We say that Q possesses the 'static Maxwell property' SMP, if 

o 

and only if Q has the MLCP and the forms B^(f2), B'^(f2) exist. For instance, the SMP is 
guaranteed for Lipschitz domains fl . (See P, section 4] and the literature cited there.) 

o 

We may choose , such that supp b C f/^o for all b G B'^{Q) U B'^{Q) and all q . 
Finally for s > 1 - N/2 or s > -N/2 and g ^ {1, - 1} we put 

,hl''i{n) :=L2'^(^])^,:K''(fi)^^ 

We also need the negative 'tower forms' "-D^'^ ; ~FLam values ^ = 0,1,2 and 

a G No, m G from [Sj, section 2], which are harmonic polynomials except of 

a multiplication by some negative integer power of r . These forms are homogeneous of 
degree ~h^ := i — a ~ N , belong to C°°'^(M^ \ {0}) and satisfy the 'tower equations' 



Tot-Dlt 








l,k-l 



div"i?''+^'° 
rot ° 



cr,m 
l,k 








where £ = 0, 1, 2 and k = 1,2 . (We note briefly that we need the positive tower forms of 
height zero """-D^'^ , """-R^'m in our proofs as well. But they are not required to formulate 
our results.) From P, Remark 2.5] we have for all a G No , m G {!,..., /i^} and all 



0, 1, 2 as well as all A; G Nq 



-Dlf^eLl'^A,) ^ -Df^ G H^'^(Ai) ^ s<N/2 + a-i , 

which completely determines the integrability properties of our tower forms at infinity. 
The same integrability holds true for "-R^'^ • Moreover, the ground forms (forms of height 
0), which only occur for 1 < q < N — 1 , are linear dependent, i.e. we have 



a 







(2.3) 
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where := (g + cr)^/^ and q' := N — q . This motivates to define the harmonic tower 
forms 

Hlm--=cyl--Rl''^ = -i4--Dl''^ (2.4) 
and the potential tower forms 

Pln.--=C^l--K''m + ^4--Dl'l . (2.5) 

Since A = rot div + div rot we then obtain 

A-Dl'i^ = A-Rl'^^ = AHl^ = AP^^^ = , £ = 0,1 . 

Here A denotes the componentwise scalar Laplacian in Euclidean coordinates. We note 
also that P^„^ = H^^ = if g G {0, A^} . Furthermore, for s G M and i = 0,1,2 we 
introduce the finite dimensional vector spaces 

Df := Lin {-Dl'^l : "D^^ ^ Ll'^{A,)} = Lin{-D^;i :a<s-N/2 + e} , 
5if := Lin {-Rl''^ : "i?^;! ^ Ll''^{A^)} = Lin{-i?^;l :a<s-N/2 + i} , 
HI := Lin {H^^ : H^^^ i L^'^(Ai)} = Lin{iJ^,„ : a < s - iV/2} , 
T>1 := Lin {P^V : PJ,„ ^ L^'^(Ai)} = Lin{P,V : a < . - iV/2 + 2} . 

(Here we set Lin0 := {0} .) We note 

ni = = Vt, = Jll'l, = {0} ^ s<N/2 . 

Unfortunately due to the fact that rotr^~^ (the gradient of r^"^ in classical terms) is 
irrotational and solenoidal but is itself no divergence, there exist four exceptional tower 
forms. These are (up to constants) 

and their dual forms P^ := *P° = "P^f , H^'^ := = ~D^[^'^ . We then have 
div = H^^^ . Following the construction of the regular tower forms we define for 
s > N/2 - 2 

5>o := jpo := Lin{P°} , CP^ := CPf := Lin{P^} 

and for s > N/2 - 1 

-H} := nl := Un{H'} , n^-' := Hf-^ := Lm{H^~'} . 

For all other values of s and q we put 71 := {0} and i-L^ := {0} . 

As described in [S; section 3] for s G M we will consider vector spaces 

Vs +V^t , (+ : direct sum) 

where C L^'^(fi) is some Hilbert space and is some finite subset of our tower forms, 

e.g. 1/" = R1{n) n D1{n) and = . On V^^ + r/V« we define a scalar product, such 
that 
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• in Vg' the original scalar product is kept, 

• rjVj is an orthonormal system, 

• the sum -f rjVI = ffl r^V^ is orthogonal. 

As already indicated we denote the orthogonal sum with respect to this new inner product 
by ffl and clearly ffl r^V^ is a Hilbert space since is finite. 

3 Results 

Let Q C (A^ > 3) be an exterior domain as in the last section with the SMP or the 

o 

MLCP depending on whether the forms B^(f2), B''(f2) are involved in our considerations 
or not. Recalling from [SI section 3] the set of special weights I we put 

i := I - 1 = {N/2 + n - 1 : n G No} U {-N/2 - n : n E Nq} 

and from now on we make the following general assumptions: 

. qe{0,...,N} 

• s G M \ I , i.e. s + 1 G M \ I , i.e. for all n G Nq 

s^n + N/2 - 1 and s ^ -n - N/2 

• e is a r-C ^-admissible transformation on g-forms with some r = Tg^i satisfying 

r > max{0, s + 1 - and t > -s - 1 

i.e. 

{> -s - 1 , s e (-00, -1) 

>0 , s G [-l,iV/2- 1] 

>s + l-N/2 , s e {N/2-1, oo) 

• V and yU are f-C^-admissible transformation on (g — 1)- resp (g + l)-forms with 
some f = Ts satisfying 

f > max{0, s — N/2} and f > —s , 

, s G {—oo, 0) 
,sG[0,Ar/2] 
, s G (A^/2, oo) 



I.e. 



r 
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If 1 - N/2 <s < N/2 - 1 or -N/2 <s < N/2 and q^{l,N-l} the 'trivial' orthogonal 
decomposition 

L2'''(0) = ,L2'<?(0)©,,:K''(f]) (3.1) 

holds. Throughout the paper we will denote the orthogonality with respect to the 
{e ■ , ■ )L2,9(n)-scalar product or L^''^(f2)-L^^(r2)-duality by (Be and put © = ©h . 

The first lemma shows how one may get rid of Dirichlet forms even for larger weights. 

Lemma 3.1 Let s > 1 — N/2 . Then the direct decompositions 

L^'«(J1) = ,L2'''(f]) +LinB'^(0) , ^I'^i^) = e^l'''{^)+£~'UnB''{n) 

hold, where the latter is only defined for q ^ 1 ■ If q ^ {1, N — 1} this decompositions hold 
for s > —N/2 as well. 

To formulate our main decomposition result we need the operator (a perturbation of 
the Laplacian A) 

Ae := rot div +s~^ div rot = A + s div rot , 
where —: Id+e is also r-C^-admissible. We obtain 

Theorem 3.2 The following decompositions hold: 
(i) Ifs< -N/2 , then 

and the intersection equals the finite dimensional space of Dirichlet forms £[K|(Q) . 
Moreover, 

and for q ^ 1 even 

In both cases the intersection equals the finite dimensional space of weighted Dirichlet 
forms e^j{n) nB'i{n)^' . 

(ii) // -N/2 <s<l-N/2, then 
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(iii) Ifl-N/2<s< N/2 or -N/2 < s < 1 - N/2 and q ^ {1, N - 1} , then 

For s > this decomposition is even {e ■ , ■ )ij2,q(Q,)-orthogonal. 

(iv) Ifs> N/2 , then 

e-'{[Ll''i{n) ffl Tint] n oB^^^(Q))) n l^'^(q) 

and 

where the first two terms in the second decomposition are {e • , •)ij2,q{Qy orthogonal 
as well. Furthermore, 

Remark 3.3 

• The decompositions in (ii)-(iv) are direct and define continuous projections. 

o o 

• In (ii) we are forced to use the forms B^(0) and WiVL) in the definitions of QWliVt) 
and oDf (Q) . 

• To prove the last equation in (iv) we additionally assume r > N/2 — 1 . 

• The coefficients of the tower forms in the first equation of (iv) are related in the 
following way: If 

Fr,s + J2 ■ vHt + e-' (F^,, + ^ hd,i ■ r]He) = Fe el^'^i^) 
e e 

o _ 

with Fr^s G R-K^) ) ^d,s G D^(f]) and e HI as well as hr,e, hd,e € C, then 

hr,e + hd,e — , 
since the Hi are linear independent and do not belong to L^'^(O) . 

_ o 

• A^r)'J'l_2 is a finite dimensional subspace o/H]'^(r2) nC^'^(f2) , whose elements have 
supports in A^.^ . 
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• Fors< -N/2 (and r > N/2 - 1) we have 

• Clearly the transformation e may be moved to the rot- free terms in our decomposi- 
tions as well. 

Our decompositions and representations may be refined. For small weights we get 

Theorem 3.4 Let s < N/2 + 1 - 6^^o - 6q^N ■ Then o©K^) o'^ti^) are closed 
subspaces ofLl''^{fl) whenever they exist and 

(i) oki^) = rot {Rizim n u~\Bizim) 

= rot (RlZlin) n iy-\BlZl{n)) = rot Rlzli^) 
holds for 2 < q < N as well as for q = I and s > 1 — N/2 , 

(ii) oDK^) = div n 

holds for 1 < q < N — 1 as well as for q — and s > 2 — N/ 2 , 

(iii) o^ti^) = div {Bl^iin) n fi-\Rl-^[{n)) = div Ditli^) 

holds forO<q<N -1. 



For large weights we have 

Theorem 3.5 Let 1 < q < N - 1 . Then for s > N/2 + 1 

(i) oki^) = rot [{RlzHn) ffl TinlZl) n i/-ioD7i(l^)) 

= rot (R^K^) n u-^DlZli^) n B«-^(fi)^'') = rot RlZH^) 

(ii) oD^^^) = div [{Bltlm ffl r^ntl) n fi-\R'^^{n)) 

= div (Bltlin) n i^-^Rltl{n) n B'i+\n)^^) = div Bltl{n) 
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are closed subspaces o/L^'''(f2) and for s > N/2 

(iii) (L2'''(n)fflr/H^)nor 

^ 2 

= rot [{Rlzl{n)ar^vizl''avvr_l'') n 

(iv) (L^'^(n)fflr/H^)noD^<^(l^) 

= div [{BltUn) ffl r^3?f}'° ffl r/3?ri'') n fi-\m''^^_^{n) 

= oDUn) + div fi'^r]5iltl'' 
are closed subspaces ofLl''^{Q) ffl r^T^^ . 

Remark 3.6 We note div rj^Dl^^'^ = and rot 77^/?^^'-*^ = by /5, Remark 2.4] and 
thus 

^ 2 ^ 2 

Remark 3.7 Since there are no regular harmonic tower forms in the cases q G {0, A^} , 

i.e. = {0} , = {0} , and because of rjl-il C L^'^(f2) the first equations in (iii) and 

< 2 

(iv) simplify: 
If s> N/2 , then 

{hYmmriW-;) noM^^(r]) =rot(Rti(r])fflr/^°:_\) 

(L^'^-^(fi) ffl r^?^f-i) n oDj^V) = div (Df_,(fi) ffl r^3^fi\) . 

^ 2 

// < s < + 1 , then 

(L^'^(O) ffl T^Hfj n oK^<^(fi) = rot H ^^^1'') n z^-^oD^^^^ll]) 

(L^'«(fi) ffl r/?/^) n oO'<^(^^) = div {i(Dt\m ffl t^^^^+I'^) n 

As already mentioned above there are no harmonic tower forms in the remaining cases 
q G {0,A^}. Thus the equations in (i), (ii) and (iii), (iv) of the latter theorem would 
coincide for these values. Furthermore, in these special cases there occur the exceptional 
tower forms. We obtain 
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Theorem 3.8 Let s > N/2 . Then 

(i) Lf'^in) = okm 



= rot (^(Rfr/(f]) fflr^Hfji^ fflr^H^-i) n iy-\B^^\{n) 

= rot ((fe(i^) n i^-'D^_-,\n) n B^'-'in)^") m rjn''-' 

= rot (RsSiin) n z/-^Df_-/(^]) n B^-^(fi)^'') + Ar^y^ 
= rotRf_-/(fi) + Ar/y^ 

(ii) L'fin) = o©°(fi) 

= div ((D^_i(l]) ffl r/H,^_i ffl r/H^) n fi-\Rl,M_^{n) 

= div ((D,l_l(^]) n fi^'Rl-im) ^vn' 

= div {Bl_,{n) n /x-^RLi(f])) + Ar/CPO 
= divD^_i(r]) + Ar/y° 

Finally we note 

Remark 3.9 We always get easily dual results using the Hodge star operator. This would 
change the homogeneous boundary condition from the tangential (electric) to the normal 
(magnetic) one. However, since this would multiply the number of results by two we let 
their formulation to the interested reader. 

4 Proofs 

Let e , u and fi be as in section [31 We start with the 

Proof of Lemma 13. II Let E E L^'^(fi) . Looking at [HI section 4] and using the Helmholtz 

o 

decompositions [3, (2.7)] we may choose (smooth) g-forms hi G LinB'^(f2) , £ = 1, . . . , c?^ , 



with be = (^e + Hee rot R9-l(^]) s^'^i^) , where {Eg} is a ©^-ONB of . Then 

we have E — 'Y2^{E,eHg)i^2,q(^Q-^b£ G eLg'''(f2) . This proves one inclusion and the other one 

o 

is trivial, because the forms of B'^(n) are smooth and compactly supported. Moreover, if 
E G LinB'?(^]) n e^^i^)^' , then eE = ^^e^efo^ G e^^i^)^ and thus 

= {eE, Hk)L'2,q(n) = ''^ee{eHi, Hk)L'2,<i(n) = ek , 

e 

which proves the directness of the sum. The other direct decomposition may be shown in 
a similar way. □ 
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We introduce the Hilbert spaces (closed subspaces of L^'''(n)) 

R«(fi) := {E e RUn) : rot{p'''E) = O} 

= {E eRlin) : TotE = -2s p'^ RE} 
B%n) := {E e D^(fi) : dw{p^'E) = O} 

= {E e D^(fi) : dwE = -2sp-^TE] 
and note the important fact that the || • || ■ and || ■ iLa.g^j^^-norms resp. the 

o 

i ■ iD''(r2)"' i ■ iD''(n)" ^^'^ II ■ llL^'''(n)"'^°^'^^ equivalent on R^(^^) resp. Df (fi) . Here 
we used the operators i?, T from [HI Definition 1] . First we need an easy consequence of 
the projection theorem: 

Lemma 4.1 Let s G M . Then the orthogonal decompositions 



(i) L2'9(^]) = rot RlZ\{VL) ®s,e e'^^li^) = e-^oi R^^fi) ®s,e P^^) 



(ii) L2''?(fi) = div -Dtim ®s,e e-'Rim = £-Miv j^tim ©.,e mm 

hold with continuous projections. Here we denote by ®s.e the orthogonal sum with respect 
to the {ep"^^ ■ , ■)i^2,q(^Qy scalar product and the closures are taken in L^'''(f2) . The space 

o o 

rotR^lJ(i7) resp. dwDl^l{Q) may be replaced by rot C°°'''^^{^1) resp. divDvic^(n) . 

Proof Since C°°'^-H^) is dense in R^:l(fi) we have E e ^'''{n) f] (rot Rf:i(f]))^°'' , 

if and only if E e ^''^i^) n (rot 6°°''?-^^))^''' , which means p'^'eE e oDi,(fi) . Thus 
E G P^fi) , because = dw{p'^'eE) = p'^'diveE + 2sp'^'~^TeE . This shows (i) and (ii) 
follows analogously. □ 



Remark 4.2 Clearly this lemma holds for 0-admissible transformations e as well. 

We need two important results, which may be formulated as follows: Defining the 
Hilbert space 

,X?(fi):=(R?(^])^£-lD?(^]))fflr/H?fflr/H^ , tGM , 

we have 
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Lemma 4.3 Let s G M \ I and q ^0 or q = and s > —N/2 . Then 

E I — ^ rot E 

,Divf : ,x^(i]) n oRL(^) ^ oD^;l(^]) 

H I — > div eH 
are continuous and surjective Fredholm operators with kernels 

iV(,ROT^) = iV(,DIVf) = 



•Kim ,tfs<-Nl2 



Remark 4.4 By adding suitable Dirichlet forms from ^^{'^(fi) we always may obtain 

HLB'^{VL),q^ I, andeEl.W{VL) or eH, eE±,W{n) , if s > -N/2. Then for s > -N/2 
the operators 

are also injective and hence topological isomorphisms by the bounded inverse theorem. 
Furthermore, we note [using the notations from JEi) 



and for t < N/2 

Hi = nu = {0} . 

Proof This lemma has been proved in [H Corollary 3.13, Lemma 3.14] for s > —N/2. 
Hence we only have to discuss the cases of small weights s < —N/2 and ranks of forms 
1 < g < . Welldefinedness, continuity and the assertions about the kernels are trivial 
in these cases. To show surjectivity for ^DIV^ let us pick some F G oDs+i(^) • Following 
the proofs of [8| Lemma 3.5, Lemma 3.12] and using Theorem 4] we represent the 
extension by zero of F to by 

F =: Fd + Fr e oD^;l(M^) + oRI+KM'') • 

Now Fd is contained in the range of the operator B from [HI Theorem 7] and thus we 
get some 

h e D^(M^) n oR^(K^) solving div h = F^ 

Applying the regularity result P Satz 3.7] we even have h G Hj'''(M^) . Since Fr is 
an element of oE)^!,^J(i7) fl oRs+i(^) we may represent this form in terms of a spherical 
harmonics expansion 

M-l.O 
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with uniquely determined //, / G C using [SI Theorem 2.6], where 

,5-^-^'° := {I G T-^'" : s(J) = + A e(J) < -s - 1 - Ar/2} 

Now looking at ^ Remark 2.5] the first term of the sum on the right hand side belongs 
to L^'V^(^ro) ) the second to L^'V\ (^ro) and the third to Ll'K^{ArQ) . Therefore, 

< 2 ^ 2 ^ 

This suggests the ansatz 

H:=r]h+ Yl fiVRli + '^ 

o 

to solve H G oRs(f^) r\e~^D1{Q) and div eH = F . Thus we are searching for some g-form 
$ in R^(fi) n£-iD«(r]) satisfying 

rot $ = — TOt{rih) = — Crot.r?^ ='■ G , 

div£$ = F- dw{7]eh) - ^ fj div{r]eRlj) =: F , (4.1) 

since rot(r7/?^^) = 0. Clearly we have G G qM^oxH^) C oI^'^~^^(fi) • Moreover, not only F 
is an element of qIOs+iI^) j but also F G oD^~^(fi) holds, because 

F = divil-r])h- Yl fiGdw,rjRlj + Fn- Z^^^?"' 

/g^ 39-1,0 76^39-1,0 

-div(er/(/i+ Y /^^^i/)) ' 

where the first two terms of the sum on the right hand side lie in Ll'^~^{Q) , the sum of 
the third and fourth terms in L^'''~^(f2) and the last one in L^^^_^^(f2) C L^'^~^(f2) , since 

and T > — s — 1 . Now we are able to apply [6^, Satz 6.10]. Doing this we get some 
$ G R'Lii^) n e-^D'Lii^) solving the system (gl]). Since s < -N/2 < -3/2 we have 

o 

$ G Rf (^^) n 6:^^Df (fi) , which completes the proof. The assertion about ^ROT^ follows 
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analogously. □ 

Proof of Theorem 13.41 Apply Lemma [4.31 and Remark 14.41 with the modified values of 
q , s and e . □ 

Proof of Theorem 13.51 The first equations in (i)-(iv) have already been proved in [SI 
Theorem 5.8]. Let 

G e oMliQ) = rot ((RlZlin)Sr]'HlZl) n u-^B'-^in) 

V < 2 

i.e. 

G = rot + gi rot r]D'\^^ 

with Gs-i e RlZli^) n u-^Dlzli^) n Bi-\n)^^ and ^/ G C . Since 

rot rjDl'^ = rot A'qD'^^J^ - rot Cdivrot,,,-D27^ 
and clearly 

rot Ar/i?^7^ = lot div Grot,riRlJ^ 
we obtain 

i al^j^ rot ?7-D?""^ = rot ArjP^^^^^^^j^ - i a^^^^ rot Gdivvot,riDlJ^ - a^^^^ rot div C^t.^j-R^Z^ 
Now Ar7P^|7)^c(/) ~ ^A,r?-Pe(/)^c(/) compact support and therefore 

G G rot (irk^) n ^/"'D^:l(^]) n B^-i(r])^'') 

which proves (i). (ii) is shown analogously. The last equation in (iii) follows from (i), 
since we can split off a term 

and the tower forms are smooth and v decays as well as div ?7~D^^'^ = holds by Remark 
13.61 Finally the last equation in (iv) is a direct consequence of (ii) and a similar argument 
like the latter one. □ 

Proof of Theorem 13.81 Lemma 14.31 yields 

h^iP) = rot ((Rfj-/(f^) ffl r/Hfj-/ ffl r/H^-^) H v-\B>lzl_^{Sl) 
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and the same arguments used in the latter proof show 

rot ((Rf_V(l])fflr/Hf_-/)nz/-ioDj^'_i(f^)) = rot {R^_-,\n)nu-'D^_-,\Q)nB''-\n)^^) . 
Because div r]H'^~^ = we have 

L2'^(^]) = rot ((Rf^/(^^) n u-'D^'^\n) n B^-l(^])^) fflr^T^^-^) 

Now divP^ = H^^^ and thus rot rjH^^^ = ArjP'^ — rot Cdiv,jy-P^ , which proves 

L2'^(fi) = rot (fe(fi) n u-'Df_-,\Q) n B^'-'iQ)^^) + At^T^ 
Finally we have to show that the sum is direct. To do this, let F = /Ar/P^ = roti? 

o 

with some / G C and E G R^'^"'^(f2) . We want to use the notations from ^3], i-e. the 
forms P^{^ and Qq'i , as well. By definition there exists a constant c 7^ , such that 
= c-R^f = ^Qof using Remark 2.3]. Since s > N/2 and P^l^ G LJ,•\(^]) 
partial integration yields 

(rotE,P(fi^)L2,,(f7) = 
because P^{^ G Lin{* 1} is constant. But on the other hand we obtain 

by iMi (73)], i.e. / = 0. □ 

Now we turn to the main idea of our decompositions and the 
Proof of Theorem [3T2] Let 1 < g < A^— 1 and s be as in section [3] as well as P G L^'^(i7) . 

o ^ 

Using LemmalOwe decompose P = P^+e^^Pd with P,, G rot C°°''?"i(^7) and P^ G (fi) . 

A second application of this lemma yields the decomposition e'^Fd = e^^Fd + P with 

1 ~ ° 

Fd G div D^ox (fi) and P G Rf(fi) n£:~^D^(il) . Furthermore, there exists a constant c> 

independent of P , such that 

ll-^'-|lL2''?(f7) + l|-^d|lL2-<'(n) + i-^iRl(n)n£-iDl(Q) - '^\P\hl'''{Q.) 

Now P is more regular than P and this enables us to solve 

div eH = div eP G o©';! (fi) , rot P = rot P G qK^^ } (^^) 

with some H G ,X^(1]) n oRL(^) and P G ,Xl{n) n £~ioDL(^) by Lemma SSI We 
note E,H e Lf'\Q) for all t with t < s and t < Ar/2-1 . Then F := F - E - H e e^K^) 
and 

P = P, + P' + £-^(Prf + £P) + P , (4.2) 
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where Fr + H e oR?(fi) and Fa + eE e o^K^) ■ 

For s > —N/2 we may refine this representation of F . In fact for these values of s 
we have F e ^^'^ ^^{il) = e^^i^) by Lemma 3.8]. Using Remark Sa or [8i Theorem 



2 



5.1] additionally we may obtain €E±Bi{n) and H±B''{n) , if g ^ 1 , or eE±,:K'^{n) and 
eH±,^'^{n) , if s > 1 - N/2. Therefore, Fd + eE e o'^li^) holds for s > -N/2 and 

Fr + He o^^(fi) for s > 1 - N/2 or 1 - N/2 > s > -N/2 and g 1 . Moreover, 
Theorem 5.1] yields not only E,H E £X^(fi) but also 

E G (R^(fi) n e-'Dlin)) ffl v1)'{^f) , if g ^ iV - 1, 

H e (R^fi) n ffl r^3^^(af ) , if g 7^ 1, 

i.e. the exceptional forms do not appear in these cases. 

The stronger assumption F G £L^'''(fi) for s > l-N/2 or s > -N/2 and 2 < g < iV-2 
imphes F G e'^'^i^)^^ and thus F = . Hence in these cases (14.21) turns to 

F = Fr + H + e-' {Fd + eE) . (4.3) 

Until now we have shown the assertions of Theorem 13.21 (i), (ii) and also (iii) for weights 
s < A^/2 - 1 . 

Considering larger weights s > N/2 — 1 and F G £h1''^{Q) the tower forms occur in 
the representation (14.31) . More precisely we have 

g.O I 



otherwise 



otherwise 



with uniquely determined forms Es,Hs G Rs(^^) H £:~^D^(i7) and complex coefficients 
e/, e, hj, h . We note J^'° = 3^'° • For s < N/2 we have = and for s > N/2 we see 
'^e(/)^-^/ = — ia'^^j-^rjD'j G L^'^(i7) for all / G J^'° by (12.31) . Thus we obtain 

F = Fr + H, + e-^Fd + E, 

, otherwise 

where e/ := — ^eicte{i)/'^'e{r) ■ Looking, for example, at g = 1 we find ^^"-Ro'i ^ L^'^__^(f2) . 
Then for integrability reasons we get h = , such that the exceptional tower form does 



22 



Dirk Pauly 



not appear. Clearly also e — holds true ior q — N — 1 . Moreover, hj — ej since Rj are 
linear independent and rjR'j ^ 14''^ {^) for all / G and s > N/2 . 

By the smoothness of rjD'j as well as the decay and differentiability properties of i we 
obtain furthermore erjDj e Hj'^(O) . Thus for all s > 1 — A^/2 we get the representation 



where F^. :— F^ + Hg and F^ :— F^ + sEg + ^ eiirjDj as well as 



' < 2 



with a'^^j^hi + icKg^^^e/ = for all / e J^'^ . This proves the remaining assertions of (iii) 
and the first equation in (iv). 

To show the second equation in (iv) we observe 

rjDj = 77 div rot D^j = div rot rjO^j - C^iy rot,7j-D^j 
r]Rj = r] rot div i?^/ = rot div tjRIj - C^otdiY,vRli 



and therefore 



where 

Fr :— Fr — E hiCrotdiv,'nRli — E 6/ rot Cdiv.rj-Djj e ol^s(^) , 

Clearly all sums are direct resp. orthogonal as stated. Only in the second equation of 
(iv) one may see this not directly. So, for example, if 



q,0 
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with some s > N/2 , then 

H:=G- e7rotdivr7P5(,)_^(,) = ^ e/^-Mivrot r/P^^.^^^^,) - ^-^F 

o 

is a Dirichlet form, i.e. H G £'K'^{Q) , but also an element of B'?(f2)^= . Hence H must 
vanish and thus 

which is only possible, if e/ = for all / G J^'" , since rot div rjP^^j^ ^^j^ ^ L^'''(f2) are linear 
independent. 

It remains to prove the last equation of (iv). Before we start with this we observe that 
by the closed graph theorem all projections in (ii)-(iv) are continuous. We note 

oM.ti^),e-\]D)1in) C L2'^((]) n,J{l,((])^^ =: Yi{n) 

and thus 

Furthermore, X^(f2) and Y^(fi) are closed subspaces of L^'^(i7) . By the first equation of 
(iv) and Lemma [3.11 we have 

codim (fi) = dim (f^) + dim Aer]7l-2 = d" + 

0<cr<s-f 

since dim A^r^ y^_2 = dim 7l_2 = dim and s - N/2 ^ Nq because s ^ I. With the 
identity codimY^(fi) = dims5{!?.,(fi) we get by Appendix A that X^(fi) and Y'i{n) pos- 
sess the same finite codimension in Lg''^(f2) . Consequently we obtain X^(fi) = Yf . □ 



A Appendix 

A.l Weighted Dirichlet forms 

Let r > . As already mentioned in section [2] for the space of Dirichlet forms we have 
M'[^{Q)=e:K'^iQ)=e:KlM , t := iV/2 - - <5,,^_i 



E- 

2 



and its dimension equals d'^ = (3qi , the g'th Betti number of Q . Furthermore, we have for 
alH G M 



e^K'.iQ) = {0} , e^K^iQ) 



{0} ,t>-N/2 
£'iLin{*l} ,t<-N/2 



24 



Dirk Pauly 



(This holds even for r = .) We repeat some notations and results from [B], [S] and [Ti] . 
Let us introduce the 'special growing Dirichlet forms' from [HI Lemma 7.11] or [S] as 
the unique solutions of the problems 

^ 2 " ^2 

where a G No and 1 < < /i^ with 




/A^ - 1 + (t\ gg'(iV + 2a) 
q)\ a ) N{q + a){q' + a) 



from [T^, Theorem 1 (iii)]. To guarantee their existence we have to impose the decay 
conditions t > a and r > N/2 — 1 . We note /Xq = (^) and thus /Xq = /x^ = 1 . Moreover, 

"•"Dq'^ resp. ^D^f is a multiple of 1 resp. * 1 . 

Lemma A.l Let 1 < q < N — 1 and s G (— oo, —N/2) \ I as well as r > —s — N/2 and 
T > N/2 - 1 . Then 

s^KliQ) = e^'i^) + e^ii^) n B«(fi)^^ 

holds. Moreover, 

n B%Q)^^ = Un{El^ :a<-s- N/2} . 

Corollary A. 2 The dimension d1 of ^^KQ) is finite and independent of e . More pre- 
cisely 

<x<-s-f 

Furthermore, the locally constant mapping 

(i^(-) : (-oo,-iV/2) \iu (-iV/2,A^/2 - 1) — > No 

s ^ dj 

is monotone decreasing. It jumps exactly at the points s & I , i.e. —s — N/2 G No • 

Proof The directness of the sum follows by fl2.2p and the inclusions 

Lin{E^^„ :a<-s- N/2} C e^ti^) H B^Q)^^ 
are trivial. So it remains to prove 

e^Klifi) C e^'^iQ) + Un{El^ laK-s- N/2} 
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Therefore, we pick some E G e!K^(f2) . We observe E G Hj'''(y4p) by the regularity result 
[HI Korollar 3.8] and even 

rotE = , divEU^ = - dive^U^ G L^+Mp) 

o 

for all ro < p < ri . Thus we have t]E G RH^) n D^(Jl) with 

rotr^E = aot,,E G oKt^{n) H B'^+l(^])^ , 

divr^E = Cdiv,„^ - r/divE G oD^;^+i(r]) n B'?-i(fi)^ 

The assumptions on r yield s + r + 1 > 1— N/2. Thus by Lemma 14.31 there exists 
e G Rt^(fi) n D?(f]) with some t > -N/2 solving 

rot e = rot , div e = div rjE 

Therefore, H := r/ii^ — e G • Thus TotH = and div if = in Ar^ and we may 

represent H in terms of a spherical harmonics expansion 



with uniquely determined h^^^,h,h^,^ G C using [HI Theorem 2.6]. By [8^ Remark 2.5] 
the first term of the sum on the right hand side belongs to 1/^'% [A^.^^) , the second to 

L^'^ (v4^J and the third to L2'9(ArJ . We get 



a<—s- 



.N m=l 



which yields 

h:=H- E<-<-^L^>-f(^) • 

Finally we obtain 



□ 
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A. 2 Vector fields in three dimensions 



Now we will translate our results to the classical framework of vector analysis. Thus we 
switch to some (maybe) more common notations. 

Let N := 3 . We identify 1-forms with vector fields via Riesz' representation theorem 
and 2-forms with 1-forms via the Hodge star operator and thus with vector fields as well. 
Using Euclidean coordinates {xi,X2,X3} this means in detail we identify the vector field 



E 



El 
E2 



with the 1-form 



El dxi + E2 dx2 + -B3 dx3 

resp. with the 2-form 

El * dxi + E2* dx2 + £^3 * da;3 = Ei (1x2 A da;3 + E2 dx^ A dxi + E^ dxi A 1x2 ■ 

Moreover, we identify the 3-form Elxi /\ 1x2 A Ix^ with the 0-form and/or function E . 
We will denote these identification isomorphisms by = . Then the exterior derivative and 
co-derivative turn to the classical differential operators 



grad = V 



d2 



curl = V X 



div = V- 



from vector analysis, where x resp. • denotes the vector resp. scalar product in . In 
particular we have the following identification table: 







9 = 1 


q^2 


q^3 


rot = d 


grad 


curl 


div 





div = S 





div 


— curl 


grad 



Table 1: Identification table 



A. 2.1 Tower functions and fields 

Let us briefly construct our tower forms once more in classical terms. Using polar coor- 
dinates {r, ip, -d} , i.e. 

cos (f COS 1? 



X — $(r, (f^-d) = r 



sin (p cos 1? 
sin'j? 



Hodge-Helmholtz Decompositions 



27 



we have with an obvious notation 







dr 




dr 


dX2 


— </$ 


dip 


= Q 


r cos dip 


_dX3_ 




_d'd_ 




rd-d 



where Q := [er e^p e^] is an orthonormal matrix and 





cos ■(9 cos ip 




— sin</7 




— sin cos (p 




cos 1? sin ip 


, e,p '. 


cos ip 


, := 


— sin sin ip 




sini? 









cost? 



the corresponding orthonormal basis of . Since {dxi, dx2, dx^} is an orthonormal basis 
of 1-forms, {dr, r cos '& dip, r di^} is an orthonormal basis as well. Moreover, we have again 
with an obvious notation 



dr 




dxi 








dxi 






dx 


r cos "d dip 


= Q' 


dX2 








dX2 






■ dx 


rd-d 




_dX3_ 








_dX3_ 






dx 



which shows 



dr 



r cos "ddip = 



rd'd^e^ 



Wc will denote the representations of grad , curl and div in polar coordinates by grad , 
curl and div as well as their realizations on S := by grad^ , curl^ and div^ . These 
may be derived by the formula 

(V^u) o $ = J$*V^,^,^(w o $) = [e^ (r cos i^)'^ r"^ e^]Vr,^,^(u o $) 

and we then have the following representations: 



grad u — erdrU+- grade u 
r 

curl v = erXdrV+- curl^ v 
r 

div v — er-drV + - divs v 

r 



gradg u = 
curl^ V — 



cos'd 
1 



e^xd^v + e^xd^v 



COS'J? 

div5 V = e^-d^v + e^-d^v 

cos tf ^ 



We note that we do not distinguish between u resp. v and u o ^ resp. v o ^ anymore. 
Moreover, in polar coordinates the Laplacian reads 



where 



di+-dr+^As 



1 , r.2 sin^9 



COS^ 1? 



COSI? 
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is the Laplace-Beltrami operator. 

Let us introduce the classical spherical harmonics of order n 

yn,m , n e No, m = l,...,2ra + 1 

which form a complete orthonormal system in L^(S') , i.e. {yn,miyi,k)i?{s) = ^n/^m,k , and 
satisfy 

{As + \n)yn,m = , A„ := n(n + 1) 
as well as the corresponding potential functions 



z±,n,m ■= r^^'"yn,m , n G Nq , m = 1, . . . , 2n + 1 
which are homogeneous of degree 



7±,n 



n , if ± = + 

-n-l , if ± = - 



and solve 

(See for example [S, Kapitel VII, 4] or j21 chapter 2.3].) 
Moreover, for fc, n G No , "n^ = 1, . . . , 2n + 1 we define 

where A„:= — — — — ^— ^— -— and F denotes the gamma- function. The „ ^ 

4^= • fc! ■ r(fc + 1 ±n ± 1/2) 

are homogeneous of degree 6'^^ with 
and satisfy 

^±,n,r>i ±,n,m ' 

where z^^n,m '■= . With the aid of these functions, which we will call a 'A-tower', we 
construct for A; G Nq the functions and fields 

r/2fc _ k 

which we will call a 'divgrad-tower', as well as the fields 

Vl%^^ := r e, X grad 4,„,m = er x grad^ = ^i^^r^''" e, x 

y2fc-l ._ _ , y2k 



Hodge-Helmholtz Decompositions 



29 



which we will call a '— curl curl-tower'. Here y„^^ := gra.dg yn,Tn ■ The fields U^^^ l^ are 
irrotational and the fields V^^^^^ solenoidal. Moreover, we have 



2k 



±,n,m ±,n,m 



as well as div = and curl V^^^^ — and thus 



= div grad [/|^,^ = [/|^-^ , 
^Ui'+l = grad div Ul'+l = C/l^-;^ , 
= - curl curl Vl„^^ = 

where 11^^^^ ,^ := , V^"^^^ := . We mention that Uj^^^^^ and V^^^^^ are homogeneous of 
degree „ . Moreover, 



±,n,m ±,n,m 



Thus we define 



it, n,m 



- 1/^ 

^±,n.m ' ±,n,m 



J.11C11 <-^-|-^„^m,5 ^ ±,n,m y 



= — 1, and even P±^n,m are potential fields resp. functions. 
The next picture may illustrate the denotations tower: 



3. fioor 



2. fioor 



1. fioor 



ground 



4 



curl 



i 



curl 



div ^|, 



±,n,m 



grad 4, 



±,n,m 



div 4, 



±,n,m 



grad 4, 



div 4, 





J, curl 

±,n,m 
4, —curl 

vl 

' ±,n,m 
\. curl 

±,n,m 
\, —curl 

' ±,n,m 
4, curl,div 





div 



div 



div 



div 



div grad-tower 



curl curl-tower 



Figure 1: Towers 

In the exceptional case (n, m) — (0, 1) the function -z±^o,i ^ multiple of r^'^+^='='° and thus 
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we get Q ]^ = for all £ as well as an exceptional div grad-tower 

jj2k 



u: 



±,0,1 

where U^]^ i ■ 



±,0,1 — s±,o' 
2*^-1 -gradt/^'^ 



±,0,1 



0, 



Let us briefly compare these classical towers with the g-form towers: On S we identify 
1-forms with linear combinations of b^ and as well as 2-forms with scalar functions. 
More precisely a 1-form cos i)dip + di) will be identified with the tangential vector 
field u^p B^ B^ and a 2-form u cos dy? A d?? with the function u . Then our operators 
p, T and p, f from [H] turn to 





q = 


q=l 


q = 2 


q = 3 


pv ^ 





V ■ Br 


V X Br 


V 


TV = 


V 


— {VX Br) X e,. 


V ■ Br 





pv ^ 


V Br 


—V X 


V 




TV = 


V 


V 


V Br 





where 



We note 



Table 2: Spherical operators 



[V X Br) X Br = V ■ B^B^ +V ■ B^ B^ = V — V ■ Br Br 

V X Br = V ■ e<^ —V ■ b^b^ 



yo,i — Sq i is constant, 

yn,m — '^n.-l,m 5 

= grade. ^ ini/2(n + lY^^Sl^,^^ 
for n G N in the terminology of ^14j. Then for n G N we get up to constants 



2k 

2fc-l ~ d1 



^ ±,n,m 



-^(±,2fc+l,n-l,m) 



*-^f±,2A:+l,n-l,m) 



TTZK—L 

^ ±,n,m 

vi = 

±,n,m 



(±,2fc,n-l,m) 



(±,£+l,n-l,m) 



*-^(±,2fe,n-l,m) 
~ *-"'(±,^+l,n-l,m) 



and for n = 



TT2k ~ r-)0 

'^ + ,0,1 — -'^(+,2fc,0,l) 



U' 



2k-l J^l 



,0,1 



{+,2fc-l,0,l) 



*^t+,2kfi,l) 1 
= *-^^+,2A:-l,0,l) 



TT2k r-u 
^-,0,1 ~ 



-^(-,2fc+2,0,l) ~ 2A;+2,0,1) 



2k-l ~ j^l 



-,0,1 



(-,2fc+l,0,l) 



*-^^-,2A;+l,0,l) 
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Finally for s e R and ^ = -1, we put (with Lin0 := {0}) 

Vf := Lin {Vl^^^^ : Kf,,,^ ^ L^iA,)} = Lin{Kf,„,^ : n < i + s + 1/2} , 
Ui := Lin {Ui^^^^ : t/!,,,^ ^ L^(Ai)} = Lin{[/1,,,^ : n < £ + s + 1/2} , 
:= Lin {P_,„,^ : P_,„,^ ^ L2(Ai)} = Lin{P_,„,^ :n<s + 3/2} , 
It^ := iii := Lin {t/!,o,i = Ui^o,i ^ L'(^i)} = ^HU^i = < £ + « + 1/2} . 

A. 2. 2 Results for vector fields 

For some operator G {grad, curl, div} and s e M we define the Hilbert spaces 

H,(0, n) := {u e L^(Q) : Ou E L^+i(Q)} , H,(0, n) C°°(Q) , 
H.(Oo,f^) := {H,(0,^^) :0« = 0} , H,(Oo, := {H,(0, : Om = O} , 

o 

where the closure is taken in Hs(0,fi) ■ Then the spaces R^(f^) and D^(Q) turn to the 
usual Sobolev spaces, i.e.: 





q = 


q = l 


q = 2 


q = 3 


km 


H,(grad,i7) = H](0) 


H,(curl,l]) 


H,(div,l]) 








H,(div,0) 


H,(curl, n) 


H,(grad,f)) = HKf]) 



Table 3: Sobolev spaces 

(°) (°) (°) 
For two operators 0, D £ {grad(Q), curl(o), div(o)} we define 

H,(0, □, Jl) := H,(o, Ji) n H,(n, fi) 

o 

The generalized boundary condition = for a g-form E from R^j^^(f2) turns to the 
usual boundary conditions '~fE = E\q^ = , 'ytE = u x E\q^ = and 7„i? = u ■ E\q^ = 

o o o 

(for q = 0, 1,2) weakly formulated in the spaces H(grad, f)) , H(curl, f)) and H(div,f2) , 
where ly denotes the outward unit normal ai dft and 7 the trace as well as jt resp. jn 
the tangential resp. normal trace of the vector field E . The hnear transformations e , u , 
ji {v and IX may be identified!) can be considered as real valued, variable, symmetric and 
uniformly positive definite matrices with L°°(0)-entries, which satisfy the asymptotics at 

(°) (°) 

infinity assumed in section 2 and 3. Moreover, for 0, D £ {curl(o), div(o)} we define 

H,(ne,r]) := e-iH,(n,r]) , H,(0,n£,l^) := H,(0,f^) nH,(ne,(]) . 
Now we have two kinds of Dirichlet fields. The first ones, the classical Dirichlet fields, 

e'KX^) := H,(curlo, divo £, = e'K]{9) , s G M 
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correspond to q — 1 and the second ones, the classical Neumann fields, 

eOi,{rt) := H,(curlo, divoe, = s~\-Ml{Q) , s G M 
correspond to q — 2 . Moreover, we have the compactly supported fields 

B^(Q) ^: i\n) C H(curlo, Q) , B^(n) ^: i\n) C H(divo, O) 

and the fields with bounded supports 

B2(n) ^: C H (curio, 1^) 

Let s > — 1/2 . Using the Dirichlet and Neumann fields we put 

H,(0,Q) :=H,(0,Jl)n5{(Q)^ , H,(0,J1) :=H,(0,ll)n5{(Q)^ 

and define in the same way Us{<), □, fl) , H,(0, □£, ^) and H,(0, □, , ^.^{0, De, Q) . 
Then we have 

H«(divo, fi) = H,(divo, n) n e^{^)^ = H,(divo, fi) n 

H,(divo, O) = H,(divo, O) n = H,(divo, O) n 

H,(curlo, = H,(curlo, Q) n e^C(Q)^^ = H,(curlo, Q) n S^(fi)^ 

H,(curlo, n) = H,(curlo, ft) H s^i^)^' 

and thus except of the last one the definitions of these spaces extend to all s e M. 
Moreover, we set for s > —1/2 

,I4{Q) := Ll{Q) n , ,hl{Q) := L2(f]) n 

We get 

Lemma A. 3 Let s > —1/2 . Then the direct decompositions 

L^(0) = ,L^(n) Lin 5^(0) =^L^(0) + Lin 

hold. If additionally s < 1/2, then 

Let us note that the operator Ag reads as follows: 
Thus we define 

□e := grad div — curl curl = A — e curl curl 
Always assuming s ^ I , i.e. for all n e No 

s^ri + 1/2 and s 7^ -n - 3/2 

we obtain 
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Q 


A, 





c^^' (liv grad 


1 


grad div —e~^ curl curl 


2 


— curl curl +e~^ grad div 


3 


div grad 



Table 4: Generalized Laplacian 

Theorem A. 4 The following decompositions hold: 

(i) Ifs<-S/2, then 

Ll{n) = H,(curlo, n) + £-^H,(divo, = H,(curlo, n) + £-^H,(divo, 

= H,(curlo, n) + £~^H,(divo, ^) = ^^(curlo, + £-^H,(divo, n) . 

In the first line the intersections equal the finite dimensional space of Dirichlet resp. 
Neumann fields e'y^g{Q) resp. £IK^(Q) and in the second line the intersections equal 

o 

the finite dimensional space of Dirichlet resp. Neumann fields elK^(Q) fl !B^(Q)-'-^ 
resp. £^C,(Q) n ^^(Q)^ . 

(ii) //-3/2 <s<-l/2, then 

L^(Q) = H,(curlo, Q) + £-^H,(divo, n) 

= M,(curlo, Vt) + £-^H,(divo, ^) + eVi{Q) 

(iii) If -1/2 < s < 3/2, then 

Jul{Vt) = (curio, Vt) + £-^H,(divo, Vt) 
etl{n) = il, (curio, 9) + £-^H,(divo, 9) 
For s > this decomposition is even (e ■ , ■ )i2{p,)- orthogonal. 

(iv) If s> 3/2, then 

,hl{Q) = (([L2(1]) fflr^V;!] nH<3 (curio, 1^)) 

©,£-i([l2(0) fflryV;^] nH<3(divo,r)))) nL2(f^) 

,ll(n) = (([L^(Q) fflr^V;^] nt<3 (curio, Q)) 

£-'([L2(f^) ffl r^v;^] n H<3 (divo, n))) n L2(f]) 
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and 

eh1{Q) = H,(curlo, n) + £~^e,(divo, ft) + a,r]?^_^ 
= t,(curlo, n) + e^^Msidm, ^) + a,r]?,_^ 

where the first two terms in the latter two decomposition are {e ■ , ■ )i^2(^^y orthogonal 
as well. Furthermore, 

Ll{n) n = e,(curio, n) £-ie,(divo, n) 

Ll{n) n ,^c„,(i])^^ = H,(curio, n) £-ie,(divo, n) 

Remark A. 5 Here Remark \3.3\ holds analogously. In particular the matrix e may he 
moved to the cml-free terms in our decompositions as well and for s < —3/2 and r > 1/2 
we have 

Theorem A.6 LetseR. Then 

(i) (curio, fi) = gradHs_i(grad, fi) 

and for s > —1/2 

o o 

(i') (curio, f2) = gradHs_i(grad, r2) 

If s < 5/2, then 

(ii) EIs(divo, fi) = curl H^-i (curl, divo fi, ^) 

o o 

= curl Hs_i (curl, divo fi, fl) = curl H^.i (curl, fl) , 

_ o 

]Hl5(divo, f2) = curl H^-i (curl, divo/i, fi) 

o 

= curl Hs_i (curl, divo/i, fi) = curl Hs_i (curl, f2) 
All these spaces are closed subspaces ofL^Q) . For s < 3/2 

(iii) Ll{Q) = divH,_i(div, curio 

o o 

= div Hs-i (div, curio /i, fi) = div Hg-i (div, Q) , 
Ll{Q) = dive,_i(div,curlo/i,fi) , z/s > 1/2 

o 

L^(r2) = div H5_i(div, curlo/x, fi) = div Hs_i(div, il) 
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Theorem A. 7 

(i) Fors> 5/2 

H,(divo, fl) = curl (^(H^_i(curl, Q) ffl r]Vj\) n M<|(divo /x, O)) 

= curl (H,_i(curl, div Q) n S^(Q)^'') = curl H,_i (curl, Q) 

H,(divo, il) = curl (^(H,_i(curl, Q) ffl r;V;_\) n H<|(divo)U, 1^)) 

= curl (H5_i(curl, div/x, Q) n S(Q)-^'') = curl H5_i (curl, Q) 

are closed suhspaces o/L^(Q) . 

(ii) For s > 3/2 

(L2(0) ffl r/V;i) n H<| (curio, n) 
= grad (H,_i (gr°ad, Q) ffl 77U°_i) = H,(curlo, 9) + grad 77lX°_i 

(L2(Q) ffl 77 V;^) n H<| (curio, Q) 
= grad (H,_i(grad, 9) ffl ?7U°_i) = H,(curlo, 9) + grad?7lX°_i 

(L2(fi) ffl nV-^) n H<| (divo, 1^) 

= curl (^(H,_i(curl, Q) ffl jyVji^ ffl 77V°_i) n H<i (divo 11)) 

= H,(divo, n) + curl/i-i?7V°_i 

(1^(1]) ffl ^^v;^) nH<3(divo,Q) 

= curl (|(H,_i(curl, ffl 77V;_\ ffl 7yV°_i) n H<i (divo//, O)) 
= M,(divo, 11) + curl At~^77V°_i 

are closed suhspaces o/L^(Jl) ffl TyVj"*^ . Moreover, divTyV^ ^j ^j = . 
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Theorem A.8 Let s> 3/2. Then 

(i) Ll{n) = div (^(H,_i(div, Q) ffl r)V;\ ffl jyU"^) n H<i (curio /x, O)) 

= div (|(H,_i(div, curl/i, fi) n ffl t^U"^) 

= div (H,_i(div, curl Q) n 2^(0)^") + ATyU" 
-divH,_i(div,n) + Ar/U" 

(ii) Ll{n) = div (^(H,_i(div, fi) ffl r;V7_\ ffl r^lX-^) n H<i (curV, Q)^ 

= div (H,_i(div, curl/x, Q) ffl ryU-^) 

o 

= div H5_i(div, curl//, Q) + A'r]U° 
= divH,_i(div,l]) + Ar/lX° 
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